Algebra 2 Chapter 8: Analytical Trigonometry

Chapter 8: Analytical Trigonometry

8-4 Inverse Trigonometric Functions

Inverse Trigonometric Function: - use when we are given a particular trigonometric ratio and we are
asked to solve for the original angle measure.
.. . . o — . -1
- it is sometimes referred to as “arc-sine”(sin "), “arc-cosine” (cos ),

or “arc-tangent’ (tan™").

Note: sin '(x) # - sin”'(x) # (sin x)! (sinx)' = - LI csc x
sin(x) sin(x)
Examples: For angles between 0 and z, sin (zj -1 — sin’! (lj =z
2 6 2 2 6
cos| Z | = ﬁ — cos | ﬁ -z tan| 2| =1 — tan (1) = z
6 2 2 6 4 4

. . . Calculator is in
To access Inverse Trigonometric Function on most calculators: .
Radian Mode

in 1727
SIN-! 1c¢?§§?3???55>
-1 -os"
Cos . S23555775¢ 3
of of bl e ran1e34 z
2nd TN COS 2nd ' D

Graph of Inverse Sine Function and its Domain and Range:

Recall that a function, f{x), has to pass the vertical line test. Hence, for an inverse function, f* 1(x) has
to pass the horizontal line test (one to one).

Y

y=sin x y=sinx (revised)

. /4 T
. Domain: —— < x < —
2 2

Range: -1<y<1

Note that y = sin x does NOT pass the horizontal line test between [—27z, 2z]. However, if we take the
interval at [—121,121], it will pass the horizontal line test. Hence, we can graph y = sin”'x for » [—121,12L .

1 v —_
Therefore, the output from a calculator of a sin l(x)
= sin -1 input, where —1 <x <1, is always between —121,121]
y=sin"'x
. V4 /3
] Domain: -1<x<1 Range: —— <y < —
-2 -13 - -0.3 als 1ls 2 2
sin(sin”' x) = x for-1<x<1
o —1, ¢ T T
sin 1(sm X)=x for _E <x < E
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Graph of Inverse Cosine Function and its Domain and Range:

Recall that a function, f{x), has to pass the vertical line test. Hence, for an inverse function, f* !(x) has
to pass the horizontal line test (one to one).

v

)

V€08 y =cos x (revised)

Domain: 0< x < =
27 -1 -1n Rid 0 o In 5 a1 —05m S 0% 1 Range: —1 Sy S 1

Note that y = cos x does NOT pass the horizontal line test between [—27, 2z]. However, if we take the
interval at [0, 7] , it will pass the horizontal line test. Hence, we can graph y = cos 'x for y: [0, @],
Therefore, the output from a calculator of a cos ™! (x)
input, where —1 <x <1, is always between [0, 7]

1ty
T

-1
y=cos x

. | Domain: -1<x<1 Range: 0< x <=

cos(cos ' x) =x for-1<x<1

cos '(cos x) =x for0< x <=

Graph of Inverse Tangent Function and its Domain and Range:

Recall that a function, f{x), has to pass the vertical line test. Hence, for an inverse function, f* !(x) has
to pass the horizontal line test (one to one).

4T
/ ; . = tan x ; ' y=tanx  y=tanx (revised)
: ' . V4 V4
y y - Domain: —— < x < —
-2n -1.5m n -0/5n 0.5n T 1.5n /én ST Q5 2 2
/ ) / / Range: y e R

Note that y = tan x does NOT pass the horizontal line test between [-27z, 27zz]. However, if we take the
interval at [—lzl,l;], it will pass the horizontal line test. Hence, we can graph y = tan 'x for y: [—1;,1; .

ot Therefore, the output from a calculator of a sin_l(x)
y=tan"' x input, where —1 < x <1, is always between [—lzt,lzl]
y=tan 'x
— . . z z
Domain: x € R Range: —— <y < —
£ -15 f/ a5 1ls 2 2 2

tan(tan 'x)=x forx e R

tan '(tanx)=x  for —% <x=< %
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Example 1: Find the exact value of each expression, if it is defined.

From the
unit circle,
at £, the y-
V2

. -1 :[Z
S >

sin ! (QJ —

2
Verify: sin{ = @ and % is

value is

—Z
within the range of y = sin 'x,
whichis —2<y<Z,

tan"' (-v3) tan (%)=

tan ! (-43) - @ -3

Verify: tan (— §)= —/3 and

()

% is within the range of

y=tan'x, whichis —2<y <z

Example 2: Find the exact value of each expression, if it is defined.

Calculator gives the

same decimal value.
V3

Hence,

. ( 1\/§J
a. S | S;n 7

is within the

interval allowed.

w3

sin(sin_1 x)=x for-1<x<1
is within [-1, 1]

Sintsin 103020
« SEOEZS4EEE
302

. BEEAZS4ETS
and

Calculator gives the

same decimal value.

Hence, @

2
6O

cos(cos ' x)=xfor-1<x<1
and % is within [-1, 1]

)

is within the

interval allowed.
CosCoos 1020 20

L TEF1BEFELZ
T2
L TEVIBESELZ

Calculator gives the
same decimal value.

Hence, %

interval allowed.

is within the

tanitan 1] -T{3x3

SOV ISEZeTZ
S[C30A3
~ AV EIEZESZ

()

tan(tan"' x) =x for x € R.

g. sin(cos ' 1)

sinCcos 101 20

. -1 . T
Sin Sin—
%)
=sin"' ﬁ =
2

. o —1
sin(sin " x) =x for —2<x<Z%

e P
and Z is within [-Z£ ,Z

COS | cos—
6
( ﬁ]_
cos [—— | =
2

cos '(cosx)=xfor0< x <m

and ZZ is not within [0,

f. tan! (tan[— ZJJ
4
=tan '(—1)=

tan '(tan x) = x for —Z<x<%

and % is within [-%

h. tan (sin ﬁ)
6

Z
> 2

cos !

3)

The domain of y = cos 'x
is [—1, 1]. 3 is outside this
interval.

Calculator gives the
same decimal value.
Hence, % is within the

interval allowed.

Sinlsinims g
. FES3981634

. TE33981634

-

Calculator does not give
the same decimal value.
Hence, ZZ is not within

the interval allowed.

oS T CoS{FmsGl 2
2.617293878
TGS

J.8E85191429

7

Calculator gives the
same decimal value.
Hence, £ is within the

interval allowed.

tan1Ctan] —mad 0
- TES3981634

4
-. 7853981634

=l 2| = oy ooa2aqss = tan ! (%) = C€0.4636 rad RERRR 2 4 o
3 . SEEE25403S
The range of y = tan 'x is
The domain of y = cos x [—%.% |, and 0.4636 rad
is [-1, 1], and % is within is within this interval.
this interval.
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Example 3: Evaluate cos (sin‘l %) by sketching a triangle.

hyp = 13 Recall SOH CAH TOA
opp =5 :
0 sin 9= 222 cos _ a4 tan0=ﬂ
- hyp hyp adj
adj =x
When we simplify (sin'1 %), we are solving for the angle (6). Therefore, we can let 6 =(sin'1 %)
oS (Sinl ij — cos 0 Using Pythagorean Theorem:
13 24+ 52=132 (-—15)_
s o 2 ¥ =169 - 25 oSV 1) =
hyp 13 13 x* =144 x=12
Example 4: Rewrite sin(tan ' x) as an algebraic expression in x
We can let 0 = tan”" X, which can be rewrite as tan 6 = ﬂaf =x= %
aaj
Now drawing and labelling the triangle, hvo = 2
find an expression for the hypotenuse =
we can . opp =x
(hyp)’ =x* + 12 0

hyp = Vx> +1 adj=1

Going back to the original expression,

sin(tan ' x) = sin 0 = op _ __X sin(tan' x) =
hp  x*+1

8-4 Assignment: pg. 605607 #1, 5, 11, 15,17, 19, 21, 23, 25, 57
Honours #29, 31, 35, 43, 58
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8-5 Trigonometric Equations

Some Basic Trigonometric Definitions and Identities (proven equations)

tan 0 = sin & csc 0
cos@

cot 0 = 1 _cos (7]
tand sind

sec 0=

cos@

cos’0 +sin®0 =1

Using regular factoring technique (common factor and factoring trinomials), simplifying rational
expressions, substituting with basic trigonometric definitions listed above, and referring to the unit circle,
we can solve for the solution of various type of trigonometric equations.

Example 1: Find the solutions for 0 <x < 2z.
a. tanx—1=0

tan x =1

TG

c. 2cos’x+3cosx+1=0

Leta=cosx
28+ 3a+1=0
Qa+1)a+1)=0
Qa+1)=0 (a+1)=0

a=-% a=-1

cosx=—-% cosx=-1
2z 4

X=— 0 — X=7
3 3

e. 2 sin’ (EJ =1
2

Leta= 3

2a=x

0 <x <2z (solve xin 1 rev)

_ »0<2a<2rz
0 <a<m (solve a in ¥ rev)
2sin*a=1
sin® a =%
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b. 2sinxcosx=3sinx
2sinxcosx—3sinx=0 i
sinx (2cosx—3)=0
#(-1.0)/ S |A
sinx=0 2005x—3=(§ Tlc Jod.o
Cos X =3
x =No solutions ¢
d. csc(3x)=2
Leta=3x — %:x\0§x<2n(solvexinlrev)
csca=2 0= s5<2m
L =2 0 <a<6m(solve ain 1 rev)
i =Y (1) Gt

a==Z Sz 13z 11z 25n 29«7
62626 %2323 %3
3x — n Sz 137 17n 257 29«¢

672626 266 %6

le 5_7r 1327 177 25n 2
1818718 18 " 18 ' 1

f. 3=5sin’x—9 cos x

(round to the 4™ decimal place)
0 =5 sin® x — 9cos x — 3
0=5( - coszx) —9cosx—3
0=>5—5cos’x — 9cos x — 3
0 =—5co0s’x — 9cos x + 2

[Substitute identity:

sin’x = (1 — cos’x)]
(5,9

5cos’x +9cosx —2 =0

(5cosx—1)(cosx+2)=0

(5cosx—1)=0 (cosx+2)=0
cosx =+ cos x =—2 -y)
cos (1) =x x = No Solution
2 cosT(1-5)
Q= 13694 rad, 49137 rad > |, 1+ 369433486
4.913746901
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Example 2: Using a graphing calculator, determine the solutions of sin® x = x> — 1.

7ZOOM| Run Intersect twice

Select ZTrig from 2" (NINOD) @

In Radian Mode, enter
each side of the equation
as Y; and Y, in P& screen

Floti Flokz Flek: MEMORY

SMiBCsincE e Ed =1a ¥

s EHE— Z2ifoom In

“Na= Zi Zoom Out B

“Ny= d:Z0ecimal WA w7 W]
R

~ME= : ahdar ; ;

~Mr= IZTrig ﬁﬁt-'ifiﬁﬁﬁa’“ =87 9670 <‘25?Eéﬁﬁ'éi‘“ =97 zE9E7D

Example 3: The height of a tidal wave above the average sea level is related to time by the function,
d(t)=2.5sin 0.1647z(t — 1.5) + 13.4, where d represents depth in metres, above sea level and ¢
is the time in hours (# = 0 means midnight). When within one whole day is the tidal wave at a
depth of at least 12 m for a ship to dock safely?

Amplitude =|a |=2.5m
Vert. Disp. =c=13.4

Maximum = 13.4 m + 2.5 m=15.9 m
Minimum =134 m—-2.5m=10.9 m

Since we are given the output (12 m) to find the input (time), we need to enter two equations
and find the intersecting points.

In Radian Mode, enter
the equations as Y

and Y, in P& screen
Y182, 5aintD. 164
= J=10N . Lo
niX=1.553+13.4 Wornou
:$2512 Hman=g4 : :
N/ fEsl=z Gostassien s R ) T
W= Ymax=Z2a
Ve 1=2
nres=1
Water depth will be above 12 m at — o
< HEiEy) [T (o H15 1) T

.346 hrs <7< 8.751 hrs and 12.541 hrs <7< 20.946 hr
2:21 AM<t<8:45 AM and 12:33 PM <¢<8:56 P

8-5 Assignment: pg. 616—619 #5, 11, 17, 19, 23, 31, 35, 41, 51b, 55b, 73, 79, 83;
Honour #43
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